ABSTRACT
INTRODUCTION
Systems of linear or non-linear equations are ubiquitous. They frequently result from modeling problems in many important domains such as engineering, robotics, business, and many more. Therefore, finding effective and efficient methods for finding simultaneous solutions for these equations is extremely and practically important to study the properties of the problems modeled by these equations.
The desirable properties of the solution methods are the effectiveness and efficiency. The method must be effective in producing a solution with high precision. It must also produce the solution for the problem in a minimum time and resources requirements.
Researchers have proposed many methods for solving systems of equations [1] [7] [8] (see [5] for a good discussion of these methods). These methods either solve the equations directly by applying numerical methods [4] This paper offers a technique for solving systems of linear or nonlinear equations. The technique indirectly solves a system of equations by solving an optimization problem. Each equation in the system is considered a constraint. These constraints are combined, in a way to be made precise later, into a non-negative function, called aggregate violation function. This function measures the collective amount of violation caused by some substitution to the parameters of the constraints. Thus, a substitution for which the aggregate violation function evaluates to zero is the solution for the system of equations because this substitution satisfies all the constraints (i.e. the equations).
The proposed technique goes even further by creating a function, called a criterion function, whose main objective is to identify whether some substitution is promising (results in a better value for the aggregate violation function) or not. The criterion function is created using the systems of equations in such a way that, as will show later, its computational demand is much less than the computational demand of the aggregate violation function. This function controls the process of evaluating the aggregate violation by permitting this evaluation at some substitution only when this substitution is promising. Our technique therefore saves the time required for blindly evaluating the aggregate violation function on every possible substitution and consequently increases its efficiency.
To solve the optimization problem, we propose a probability-guided algorithm that uses random numbers and biased mapping to quickly direct the search to the parts of the variables' domains where the solution resides. The algorithm also makes use of the criterion function to intelligently direct the search in such a way that the method avoids unnecessary checks of the constraints.
The paper makes the following contributions. First, it offers an effective algorithm for problem optimization. Second, it offers effective transformation from systems of equations to optimization problem. This transformation produces a very rigorous aggregate violation function whose satisfaction results in high precision solutions of the equation systems. Third, the transformation produces a light-weighted criterion function that quickly determines if the aggregate violation function must be checked or not, thereby avoiding unnecessary time consuming checks of the aggregate violation.
We present our contribution as follows. Section 2 describes the problem formalization, which transforms the solution to systems of equations to the solution of problem optimization. In section 3, we discuss the proposed algorithm and its technical details. Section 4 presents our experimental evaluation of the proposed technique. We conclude and give directions for future work in sections 5.
THE PROBLEM FORMALIZATION
In this section we formalize the problem of solving a system of equations. We present some fundamental concepts in subsection 2.1 and show our formalization in subsection 2.2.
PRELIMINARIES
Consider the following system of equations:
We rewrite the system (1) as the following set of constraints
The terms i j a and b i (i, j= 1, …n)are constants and x i 's are variables. The variables x i 'scan be of any power (not necessarily linear) or even functions (sine, log, etc.). We represent them as in (2) just to simplify the presentation. A solution to the set of equations is a substitutionX*(
) for the variables x i 's such that all of the constraints C i hold.
We associate with the constraints (2) a function f(x 1 , x 2 , …,x n ), which is defined bysumming all the constraints C i and taking the absolute value for the resulting sum. The variables x i 'swith the same index and power are combined together. Consider for instance the following system of equations.
We sum these three constraints to yield the following function f(x 1 , x 2 , x 3 ). 
Observe that the variables x1 of powers 1 are summed to yield 4x1 and the variable x1 of power 2 are summed together and so on.
According to this, we create the function f(x 1 , x 2 , …,x n ) from the equations (1) by adding together the variables with the same index and with the same power. The addition yields the function (3).
be a possible substitution. We define the degree of the violation caused by the substitution X i to some constraint C k by:
It should be clear that the degree of the violation is zero (i.e. no violation) when the substitution Xisatisfies the constraint Ck. The degree of the violation is positive if Xi does not satisfy the constraint Ck. Therefore, greater values of ρk(Xi) indicate a large violation of the substitution Xito the constraint Ck.
We in addition define the aggregate violation of the substitution X i to all of the constraints C i as follows
That is, the aggregate violation of some substitution X i is the sum of the violations of X i over all the constraints. The aggregate violation is zero only if X i satisfies all the constraints. Greater values of the aggregate violation E c (X i ) indicate a greater violation for a constraint or more.
We emphasize that function f(x 1 , x 2 , …,x n ) is completely different from the aggregate violation E c (X i ). The following example shows the difference between them.
Example (1): consider the following two linear equations whose solution is X (1, 1).
By summing these two equations and take the absolute value we obtain the function ) , (
For most of the systems of equations (especially the systems of linear equations), there is a large number of common variables between the equations. For such systems the function f (x 1 , x 2 , …, x n ) is likely to have fewer number of variable substitutions than the original constraints because the common variables are combined by the summation. The function f (x 1 , x 2 , …,x n ) demands therefore less computation than the aggregate violation function does for such systems. On the other hand, even if there are few (or even none) common variables, the function f(.) still demands less computation than the aggregate violation. That is because it computes the absolute value only one time while the aggregate violation function computes the absolute value for each constraint. 
Proof
The proof of this proposition is straightforward and follows directly from the definition of the function f(.) and the aggregate violation function.
Suppose that The criterion function f(x 1 , x 2 ,…,x n ) plays an extremely important role in the process of optimizing the problem (4);and equivalently finding a solution for the equations (1).It intelligently instructs the solver when the constraints must be checked for some substitution X i . Blindly checking the constraints for every possible substitution X i has a negative impact on the performance of the solver since this check is computationally intensive especially if we have a large number of these constraints. Generally speaking, the criterion function f(.) greatly improves the solver's performance by allowing this solver to check the constraints only when it should.
THE HIT-HIT MOVING DIRECTIVES ALGORITHM
We propose an algorithm, called Hit-Hit Moving Directives (HHMD-3), for solving unconstrained optimization problem (4) . HHMD-3 is a probability-directed search technique that finds the global optimum (minimum or maximum)for unconstrained optimization problems such as the one in (4). This algorithm utilizes sequences of random numbers to search for the global optimum within the domains of the variables. It defines three directives over the unity interval [0, 1] as shown in Figure 1 . These directives are a principal directive and two marginal directives. The principal directive covers part of the unity interval, which we call the effective search interval (ESI). The marginal directives cover the remaining part of the unity interval, which we call the marginal search intervals (MSI).The principal directive is centered at the point Ci of the unity interval and has a radius qi. The two marginal directives (left and right) are defined in the rest of the interval with the radius (1-2qi).The role of these directives is to guide the search in the domains of the variables and quickly locate the global minimum for the problem. In particular, the principal directive biases the search to the parts of the domains where the global minimum is more likely to reside. The two marginal directives guarantee that if the global minimum is not within the effective search interval, the technique can escape being caught within this interval and there for missing the global minimum. The principal and marginal directives are fully defined by their parameters Hi and hi (heights) and the radius (qi). The heights are given by formulas (5) .
Where α and β belong to the interval [0, 1] and α + β =1.The number ε is a sufficiently small real number (e.g. 1E−300), called the adjustment factor. Given that the value of q i ∈(0, 0.5], the role of the adjustment factor is to guarantee that the denominator of h i will never be zero and therefore h i becomes undefined.
Referring to formulas (5), we can easily observe that H i *(2q i ) = α + |β−q i | is the area of the principal directive. Likewise, h i *(1−2(q i −ε)) = β−|β−q i | is the area of the two marginal directives. This means that the area of the principal directive is at least α while the area of the two marginal directives at most β. It is clear that the sum of the areas of the three directives equals 1. Note that we can increase the area of the principal directive by increasing α and increase of the marginal directives by increasing β. Additionally, decreasing the radius q i enlarges the area of the principal directive and reduces the area of the two marginal directives.
Definition (1)
1We make two clarifications. 1) We call the part of the interval that is covered by the principal directive the effective search interval because it has the global optimum with a high probability. 2) For the purpose of this paper, we mean by "global optimum" the minimum value (zero) of the aggregate violation. 
Let

= h i *(c i -q i ) and P R = h i *(1-c i -q i ). Where c i is the center of the principal directive and q i is its radius.
Observe that definition (1)bases the probability on the area of the directive. That is, the larger the area of a directive is the larger the likelihood that γ will belong to the base of this directive. Since α and β represent respectively the lower and upper bounds of respectively the principal and marginal directives areas, we can increase the probability of having some random number belong to the base of principal directive by increasing α. Since α + β = 1, this means as the probability of having a random number belong the base of the principal directive increases the probability that this random number belongs to the bases of the marginal directives decreases. In other words, α and β allow us to fully bias random numbers toward the bases principal or marginal directives.
The values for α and β are determined based on the criteria of biasing the probability toward the principal directive without totally ignoring the marginal directives. Since the minimum bound of the principal directive is α, any value for α>0.5 would cause more bias toward the principal directive base (or the effective search interval). During our preliminary experiments to tune the values of α and β, we found that α= 0.75 and β =0.25 are very rational choices because they quickly derive the search to optimal solution.
Given the principal and marginal directives, we define the biased mapping between the interval [0, 1] and the bases of the directives by the mapping rules in Figure2 Based on the discussion, it is clear that any random number ψ I either hits the base of the principal or the bases of the marginal directives. That is why we called the algorithm hit-hit algorithm.
(1) 
THE TERMINATION CONDITIONS
Let and be the two substitutions of the variables x1, x2, …,x n in two consecutive rounds i and i+1. Suppose also that Ec (Xi) and Ec(Xi+1)are the best values for E c in the rounds i and i+1 respectively. We define the termination conditions as follows. (6) Where δ is sufficiently small number (e.g. 1E−100). The termination condition means that the value of the aggregate violation does not change for two consecutive rounds i and i+1. If this condition holds, the search for the global minimum (zero) has reached an equilibrium point and no improvement can be achieved if the algorithm continues the search. Figure 3 shows the technical details of the algorithm. The algorithm searches the domains of the parameters X i for values that bring the aggregate violation function E c (X i )to its minimum (zero). It performs a number of rounds until the termination condition (6)holds. In any round j, the algorithm conducts many experiments each of which consists of m steps. In each step, it generates n random numbers ψ i in the interval [0, 1] using the computer built-in random generator and uses the biased mapping rules (Figure 2 ) to map each random number to the bases of one of the directives (principal or marginal). The mapping yields new biased random numbers γ i (lines 9−11). The algorithm uses the biased mapping to focus most of the search in the principal directives since these directives cover parts of the domain sin which the global minimum most likely resides. The biased mapping, however, does not ignore the marginal directives that cover the remaining parts of the domains. Thus, the biased mapping never causes the algorithm to miss the global minimum or get trapped in a local minimum.
THE ALGORITHM TECHNICAL DETAILS
The values γ i 's are mapped to the actual domains ([a i , b i ]) of the variables X i using the formula in line 12. For each randomly created substitution for the variables X i , the algorithm computes the value of the criterion function (line 13).If the new substitution satisfies the condition in line 14, this substitution is promising and therefore, the algorithm computes the aggregate violation at this substitution (line 15). If the calculated value better than the previous minimum stored in VE c , the algorithm stores the new minimum along with the following fundamental information: the substitution itself and the random values γ i 's from which the substitution was generated(lines 17−19).
After performing m steps, the algorithm reduces the radiuses of the principal directives using the reduction formula ∀iq i =q i /d, where d>1 (lines [21] [22] [23] . The algorithm performs another experiment if at least one of q i 's is still greater than some pre-specified threshold ε (typically ε is less than 1E−60).
We make two important points regarding q i reduction formula and its effect on the algorithm convergence. First, the reduction factor d can be theoretically any real number greater than 1. Greater values of d cause the algorithm to converge faster because it quickly reduces the radiuses of the principal directives. We tested our algorithm for only four different values of d, namely 1.2, 1.5, 1.8, and 2. All these values cause the algorithm to converge quickly irrespective of the formula that defines the aggregate violation, although the time of convergence becomes relatively 1 The best value for E c in round j is the one that yields the closest value to zero in this round shorter as d increased from 1.2 to 1.5 to 2. No tests were made for d greater than 2. Secondly, referring to formula 5, it is clear that as the algorithm further reduces qi, the areas of the principal directives increase and the areas of the marginal directives decrease. This means that more points are mapped to the bases of the principal directives and fewer points to the bases of the marginal directives. In other words, reducingqi plays the major role in greatly focusing the search to the principal directives (where the global minimum most likely is located). Therefore, the effective intervals are thoroughly searched because (1) their radiuses continuously reduce and (2) more points mapped to them In any subsequent round j, the algorithm uses the information of the previous round j−1 to dynamically adjust the parameters of the directives. In particular, the algorithm moves the centers of the principal directives C i 's to the values γ i 's, which produced the best minimum in the previous round, and calculates the new radiuses q i 's (lines 25-28). The algorithm moves the centers to these values because there is a high probability that the search finds values for the variables that improve the minimum of the aggregate violation in the vicinity of the random numbers γ i 's.
Keep the so-far best minimum in round j along with the values of its variables and the random numbers that produced this value.
Move the centers of the principal directives to the new points that have resulted in the best minima in round j
PERFORMANCE ANALYSIS
We implemented our algorithm using JAVA programming language. We conducted many experiments using our prototype implementation to evaluate the effectiveness and efficiency of our algorithm. The experiments were conducted on a large number of systems of linear and nonlinear equations obtained from benchmarks [5] [14] [15] and others.The hardware platform is Duo core processor laptop running at 1.7 GH with main memory of 2GB. The operating system is windows 7 (32 bits).
We start our analysisby studying the performance of our algorithm on samples of systems with few but challenging equations obtained from [16] [17] . Table 1 shows these systems and the domains of their variables. It shows also the performance of our algorithm measured in terms of both the aggregate violation EC (i.e. the precision of the solutions) and the CPU time in milliseconds (ms). According to the performance figures in the table, the algorithm performed really well. This is evident in both the aggregate violation (EC) and the CPU time. The highest aggregate violation is "7.5E07". The rest of aggregate violations are much less.This means that we have solutions with really high precision. As the CPU time shows, the algorithm required roughly "0.6" second or less for almost all the cases except one case for which the algorithm required about 3 seconds. This problem took 3 seconds because it is known to be so hard to solve. 
A sample of Systems
Label
System of Equations Variables domain
Benchmark i1 Table 3 : The performance numbers of our algorithm for the benchmarks in Table 2 . Table 3 shows the performance of our algorithm for the systems in Table 2 . The performance is presented in terms of values of the variables, the aggregate violations, and the CPU time in milliseconds.We did not show the values of the variables for the economics modeling application when the number of the variables exceeds 30. Basically the values for these variables are pretty the same as for 30 variables or fewer.
Based on the figures in Table 3 , our algorithm produced solutions with high precision. The aggregate violations arexE− − − −9, xE− − − −11, xE− − − −14,and xE− − − −15 (x some real number) for most of the systems. For some of the systems, the accuracy was ranging from 7.43E-4 (Benchmark i5) to 0.06911 (Benchmark i3). It is worth mentioning that our algorithm achieved highprecision for hard systems of equations: Chemical equilibrium application and Benchmark i2.
To further discus the performance of our algorithm, we compared itwith highly effective algorithms in literature. The comparison includes both the CPU time and the precision of the solution (in terms of aggregate violation). Table 4 compares our algorithm and the Modified Line Search (MLS) [4] . The entry "-" in some of the Figure 4 indicate that our algorithm outperformed MLS in both solution precisionand the CPU time. Figure 4 (a) visually compares the errors in the solutions produced by our algorithm and MLS. Our algorithm clearly produced solutions with much smaller errors than MLS. Referring to Table 4 , our algorithm produced a solution for the problem Benchmark i1 with an aggregate violation of 0.0081while MLS produced a solution with accumulative error of 0.22084 for the same problem. Other examples in Table 4 show even much betterprecision in the solutions produced by our algorithm. For instance, our algorithm produced solutions for Combustion Application (10) and Economics modeling application(10) with aggregate violations of respectively2.66E-9 and 5.10E-15 while MLS produced solutions with violations of respectively 0.01506 and 0.00294 for the same problems. Generally speaking, our algorithm performed better than MLS. Our technique required much less time to produce solutions for all the problems than MLS did. Referring to The authors in [6] proposed an effective algorithm called Algorithm 2.4. They compared their algorithm against a large number of algorithms and showed its superiority to the others. The comparison is based on the following two problems [6] . E   0  2  1  3  3  1  0  2  i  3  2  i  2  i   1  3  i  2  0  i  3  2  0  i  2  i   2  1  3  i  2  3  i  2  1  3  i  2  i  2   2  i  2  i  i  2  i   2  3  i  2  i  3  i  2 
Where the values of φi and φi are given in the following table [6] .
Problem (2)
The Combustion Application problem as defined in As Table 5 shows, our algorithm outperformed Algorithm 2.4 in terms of CPU time. We used different measure to estimate the aggregate violation. Therefore, it is not possible to compare the precision.
Authors in [21] presented conjugate direction flower pollination algorithm (CDFPA)and compared the performance of this algorithm with other algorithms such as flower pollination algorithm (FPA) and conjugate direction (CD) method. Based on the reported results in [21] , the CDFPA performed better than the others. Table 6 shows the cases and the performance of our algorithm versus CDFPA. The entry "-" means no reported performance numbers and "" means close but not equal to. It is clear from the table that our algorithm performed better than CDFPA. Our algorithm found the exact solution in all cases while CDFPA found the exact solution for only one case and approximated solution for the rest. No timing figures reported for CDFPA to compare against. Table 6 : the performance of our algorithm versus CDFPA
Cases
Finally we compare our algorithm with the one proposed in [20] . Table 7 shows the systems of equations and the performance of our algorithm compared to that of the algorithm in [20] . Clearly our approach produced better precision. No timing numbers are reported in [20] to compare against. The performance of our algorithm verses [20] .
Equations Interval Error in solution
Note on the Constraint Violation Measure
Our technique outperformed other techniques in terms of time, precision (measured in terms of the aggregate violation EC), or both. Furthermore, we measure the aggregate violation as the sum According to this, our technique would have shown even significantly higher precision if we used the same constraint violation measure as the others
CONCLUSION AND FUTURE WORK
This paper proposed effective approach to find solutions for systems of linear and non-linear equations. Our approach transforms the problem of solving systems of equations into an optimization problem. Our transformation results in an aggregate violation function whose global minimum is the solution for the system of equations. The transformation defines also a criterion function that effectively determines when the aggregate function must be evaluated.
The paper proposed random-guided algorithm to find the solution for the optimization problem and therefore to the corresponding system of equations. The algorithm uses one principal and two marginal directives that effectively search for the global minimum of the optimization problem. These three directives are augmented with biased mapping rules that enable the algorithm to focus the search in the parts of the domain that most likely contain the global minimum without ignoring the other parts of the domains that may contain the minimum.
We conducted many experiments to evaluate our approach. The experiments showed that our proposed technique is very effective in finding solutions with high precisionand high speed. We also compared our algorithm with state-of art algorithms. Our algorithm has better performance in terms of both the solution precision and the CPU time.
We have two directions for future work. First, we would like to conduct more experiments to analyze the effect of tuning the parameters of the algorithm (α,β, d) on its performance. Second, we would like to check the advantage of parallelizing the algorithm so that we can run more than one version of the algorithm using different centers for the directives.
